Within the Closed Time Path (CTP) framework, we derive kinetic equations for particle distribution functions that describe leptogenesis in the presence of several lepton flavours. These flavours have different Standard-Model Yukawa couplings, which induce flavour-sensitive scattering processes and thermal dispersion relations. Kinetic equilibrium, which is rapidly established and maintained via gauge interactions, allows to simplify these equations to kinetic equations for the matrix of lepton charge densities. In performing this simplification, we notice that the rapid flavour-blind gauge interactions damp the flavour oscillations of the leptons. Leptogenesis turns out to be in the parametric regime where the flavour oscillations are overdamped and flavour decoherence is mainly induced by flavour sensitive scatterings. We solve the kinetic equations for the lepton number densities numerically and show that they interpolate between the unflavoured and the fully flavoured regimes within the intermediate parametric region, where neither of these limits is applicable.
Introduction
Calculations of the baryon asymmetry of the Universe require the description of CPviolating processes in a finite-density background. Conventionally, semi-classical Boltzmann equations are employed, where one computes the evolution of classical particle number densities in the presence of scattering processes, that are given by matrix elements from the in-out formalism. Since CP violation in these matrix elements is a higher order effect that is typically induced by loop diagrams, where particles in the loop are kinematically allowed to be on shell, this approach bears notorious difficulties concerning the correct counting: Is a certain process higher order or is it a combination of two leading order processes, that are already accounted for in the Boltzmann equations? For the CP -violating processes in baryogenesis, a way of addressing this caveat is the method of real intermediate state (RIS) subtraction [1] .
A more direct and systematic way to deal with this counting problem is to avoid the detour via the in-out matrix elements and instead to formulate the problem directly in terms of Green functions. A method that achieves this is given in terms of the Closed Time Path (CTP) or in-in formalism [2, 3] , which has been successfully applied to various models of baryogenesis including also a realistic scenario of leptogenesis [4] [5] [6] [7] [8] [9] [10] . The set of Green functions that are computed in the CTP framework encompasses both, the spectral and the statistical information of the system. To leading accuracy in a weakly interacting situation, it is often sufficient to approximate the spectral functions by onshell δ-functions, while the statistical contributions encode the distribution functions of quasi-particles. In this way, the kinetic equations that govern leptogenesis have been recovered systematically and additional corrections due to the full quantum statistical distributions of right-handed neutrinos and the leptons and Higgs boson of the Standard Model have been derived [9] .
The discussion in Ref. [9] is for a single flavour of Standard Model leptons ℓ, which is appropriate in those situations where the different Standard Model Yukawa couplings of these flavours are negligible, because an asymmetry is only produced for one particular linear combination of the lepton flavours. However, at smaller temperatures, when the lepton Yukawa couplings h of the Standard Model approach equilibrium, the flavour degeneracy is broken and effects of flavour have to be taken into account [11] [12] [13] [14] . The derivation of a set of kinetic equations from non-equilibrium quantum field theory, which covers both the unflavoured and fully flavoured regimes, and is valid in between, is still missing up to now, and is the subject of this paper.
A simple model that encompasses the salient features of flavoured leptogenesis and which we consider in the present work is specified by the Lagrangian
− Y leptons ℓ a , where a is the flavour index, and ψ Ra are the corresponding charged right handed leptons. The SU(2) L doublet of Higgs fields is represented by φ, and we defineφ = (ǫφ) † with ǫ the antisymmetric 2 matrix in the SU(2) L indices with ǫ 12 = 1. For simplicity, we assume i = 1, 2. The generalisation to more than two right handed neutrinos N i is straightforward.
Single-flavour calculations for leptogenesis can be easily generalised to the multiflavour situation, provided there is a flavour basis in which one can express the leptonnumber densities of the several flavours and at the same time neglect possible correlations between the different flavours. When the lepton Yukawa couplings are fully in equilibrium, the appropriate flavour basis is where these couplings h are diagonal. In contrast, in the unflavoured regime the appropriate basis is determined by the linear combination, in which the lepton asymmetry is produced.
These considerations raise the following questions: First, is there a kinetic equation that is manifestly covariant under the choice of the flavour basis? And second, can such an equation also deal with the intermediate regime where the couplings h are not yet in full equilibrium but are non-negligible at the same time? The latter point is of particular importance since leptogenesis is a process that takes a finite amount of time while temperature is decreasing, such that the flavour-sensitive interactions may be out of equilibrium initially, but equilibrate at later times. Clearly, in order to address this question, one has to promote the set of lepton number distributions within a certain flavour basis to a matrix, that also allows for off-diagonal flavour correlations. In a heuristic approach, by appealing to the Hamiltonian evolution of a density matrix, such a set of equations has been proposed [13] , and numerical solutions to these equations have been obtained [15] .
On the other hand, it is clear that the Green functions within the CTP formalism allow for the possibility of off-diagonal correlations in a straightforward way. Indeed, once the appropriate Kadanoff-Baym equations for unflavoured leptogenesis are known [9] , the multi-flavour generalisation is easily written down. However, the Kadanoff-Baym equations are a coupled set of integro-differential equations that needs to be subjected to some analytic approximations before solving it numerically. Key simplifications are first the gradient expansion, which effectively is an expansion in terms of time derivatives, in deviations of the distribution functions from equilibrium, and in the small coupling constants. Second, one makes use of a separation of time scales between the interactions induced by the small Yukawa couplings Y and h and the faster gauge interactions, that maintain kinetic equilibrium and induce lepton-antilepton pair creation and annihilation processes. This allows to describe the distribution functions by generalised chemical potentials.
The application of these strategies of simplification to the multi-flavour case constitutes the main body of the present work. In Section 2, we set up the multi-flavour Kadanoff-Baym equations and show that the flavour-dependent dispersion relations for the leptons, that are induced by the right handed neutrino and Yukawa couplings Y and h, respectively, give rise to commutator terms in the kinetic equations which are also characteristic of flavour oscillations in the presence of tree-level mass terms. In Section 3, we make use of the short time scale for kinetic equilibration in order to express the lepton densities in terms of a generalised chemical potential. We show that the gauge interactions in addition to enforcing kinetic equilibrium damp the flavour oscillations and that parametrically, flavoured leptogenesis is in the overdamped regime. The processes that turn out to dominate the decay of the off-diagonal flavour correlations are the flavour-sensitive three-body scatterings through the couplings h.
Let q ℓab denote the Hermitian matrix of lepton charge densities, including flavour off-diagonal correlations, which is defined more precisely below. The main result of the present work is the kinetic evolution equation
In this equation, η denotes the conformal time, which is related to the physical comoving time through dt = a(η)dη, where a(η) is the scale factor of the expanding Universe. The matrices W , S and Γ fl ℓ are all Hermitian. Lepton number and CP -violating source terms are represented by S, W encompasses the washout rates for the various lepton flavours, and Γ fl ℓ is the matrix of flavour-sensitive damping rates. In case we impose that q ℓab is evaluated in the basis of mass eigenstates of leptonic quasi-particles, the anti-Hermitian matrix Ξ compensates for possible time-dependent flavour rotations. Numerical solutions to this equation are presented in Section 4, and it is shown that it indeed interpolates between the fully flavoured and the unflavoured regimes.
We conclude in Section 5. Appendix A contains a discussion of the constraint and mass-shell equations including finite width effects, and the contribution of the righthanded neutrino to the thermal mass of the leptons is calculated in Appendix B.
Flavoured Leptons
The usual strategy for deriving kinetic equations is to decompose the Schwinger-Dyson equations on the CTP into equations for the retarded and advanced propagators and the Kadanoff-Baym equations. In the weak coupling limit, one can solve the latter when approximating the particle densities as purely on-shell. This corresponds to taking the particle width to zero.
In this Section, we reiterate these arguments for the left-handed leptons. As an extension of earlier approaches [16] [17] [18] , where mass terms are introduced at tree-level, we describe here the dynamics that arises from thermal one-loop corrections to the dispersion relations, which are mediated by flavour-blind gauge interactions as well as flavour-sensitive Yukawa interactions.
Schwinger-Dyson Equations
We employ here the notations and conventions for the CTP formalism and the gradient expansion that are explained in more detail within Ref. [9, 19, 20] . The Schwinger-Dyson equation for the flavoured left-handed lepton propagator is
which can be more compactly written as [19, 20] i∂ /S
where the symbol ⊙ denotes a convolution and δ the delta function, f, g, h = ± are the CTP indices and a, b, c flavour indices. The CTP structure can be decomposed into equations for the retarded and advanced propagators and a Kadanoff-Baym equation,
Here and in what follows, we make use of the definitions
and the combinations
where G may stand for any two-point function on the CTP, in particular the propagators and self-energies. The Wigner transformation is defined as a Fourier transformation of a two-point function with respect to the relative coordinate, while keeping the average coordinate fixed:
It provides a separation between the typical energy scale (which is the temperature T in the present case) and the small macroscopic inverse time-scale, that governs the evolution of state parameters (particle number and charge distributions in the present case). The ratio of these two time scales is then used to define the gradient expansion. In Wigner space, Eqs. (5) take the form
where
Eqs. (9) correspond to an infinite tower of integro-differential equations. Approximate solutions can be obtained within the scheme of gradient expansion [21] . In the context of leptogenesis, gradients occur due to the deviation of particle number distributions from equilibrium, which is induced by the Hubble expansion of the Universe. At the same time, for a sizeable lepton asymmetry to occur, it is crucial, that during leptogenesis, the rate |Y 1a | 2 T is not very different from expansion rate H. Similarly, within this paper we are particularly interested in the parametric region where the τ -lepton Yukawa coupling h τ relates to H as h 2 τ T ∼ H, since otherwise we are either in the fully flavoured or in the unflavoured regime, which can be described by conventional approaches. In the present context, gradient expansion is therefore understood not only as an expansion in time-derivatives, but also as a perturbative expansion in Y and h.
Performing the expansion of Eqs. (9) up to first order in gradients, we obtain
The derivative term i 2
∂ /S
A,R ℓ would contribute to Eq. (11a) only at second order in gradients, since the retarded and advanced propagators do not depend on the particle distribution functions at tree level. Damping occurs explicitly through the collision term on the right hand side of Eq. (11b) (for a detailed discussion, see Ref. [22] ). At the same time, damping is contained in the Σ / A ℓ term in Eq. (11a), as it is well known from linear response theory.
In order to take account of the dilution of particles due to the expansion of the Universe, we follow Ref. [9] . We first observe that after appropriate field redefinitions and the rescaling M i → a(η)M i , the Lagrangian (1) describes the fields in the background of a flat Friedmann-Robertson-Walker Universe in conformal coordinates defined by the metric
We then take all explicit momentum variables within the equations for the Wigner transformed quantities as conformal. The relation to a physical momentum is given by k ph = k/a(η) and the time coordinate is understood as the conformal time η. Likewise, T denotes a comoving temperature that is related to the physical temperature as T ph = T /a(η), and β = 1/T . The masses of the right-handed neutrinos M i are the physical masses. When they occur explicitly in the Wigner transformed equations, they are accompanied by the scale factor a(η) to give the conformally rescaled mass a(η)M i . The Hermitian and anti-Hermitian parts of the Kadanoff-Baym equations (11b) lead us to the constraint and the kinetic equations
with the collision term
Thermal Self Energies
We now specify the form of the Hermitian self energy Σ / H ℓ , which determines the thermal corrections to the dispersion relation. For the purpose of this discussion, we assume that the deviation of the right handed neutrino distribution from thermal equilibrium is small, so that the self energy, being proportional to coupling constants, can be evaluated with thermal propagators to first order in the gradient expansion. The self energy receives contributions from the interactions specified in Eq. (1), but also from SU(2) L × U(1) Y gauge interactions. We parametrise this as
where we have decomposed the contributions to the self energy into a flavour blind part that originates from SU(2)
and a flavour dependent part that receives contributions from the charged lepton and the singlet neutrino Yukawa couplings. To one loop order, these can be parametrised as
In the hierarchical mass limit (M 1 ≪ M 2 ), which we assume within this paper, we may restrict the sum to i = 1. Note that γ 0 Σ / H ℓ is Hermitian, such that ς fl andς fl are Hermitian matrices in flavour space.
The fact that two independent functions ς(k 0 , k) andς(k 0 , k) occur is because the self energy Σ / H ℓ acquires contributions that are proportional to k / and u /, where u µ = (1, 0, 0, 0)
T is the plasma vector [23] . The relation between ς(k 0 , k),ς(k 0 , k) and the terms proportional to k / and u / can be easily established, see e.g. Eqs. (B.2). The motivation for our parametrisation is that it corresponds to a decomposition into a correction ς for the dispersion relation and a correctionς that leaves the dispersion relation unaltered [see Eqs. (26) 
Note that in general, U is momentum-and time-dependent. 
All quantities that carry left-handed flavour indices transform under the basis transformation defined by U. We denote matrices evaluated in the flavour-diagonal basis by a subscript D. For example,
Note that unlike ς fl D , these matrices are in general not diagonal in flavour-space. Inserting the definitions (18a) and (18b) into (12b) and multiplying with U † from the left and with U from the right, we obtain the kinetic equation in the lepton thermal mass basis
is the compensation matrix for time-dependent flavour rotations. At first order in gradients, the only consequence of a time dependent U is the additional term involving Ξ. Therefore, we switch to the diagonal basis and drop the subscript D from all subsequent expressions.
1 The terms γγ 0 and γ 0 S <,> ℓ commute when using the ansatz (21) below.
Kinetic and Constraint Equations
The Weyl fermion propagator can be parametrised through the vector and pseudovector functions
wherek = k/|k|. When compared to the case of a Dirac fermion, there are no scalar and pseudoscalar contributions. This is because gauge symmetry prevents the dynamical generation of scalar, pseudoscalar and tensor densities, provided the gauge symmetry is neither broken spontaneously nor through initial conditions, as we assume here. Thus, Eq. (21) is the most general form of the lepton propagator compatible with isotropy and chiral symmetry. Besides, from the fact that the leptons ℓ are left-handed, we immediately obtain
We furthermore see that k · γγ 0 and iγ 0 S <,> ℓ commute, such that the constraint and kinetic Eqs. (12) simplify to
To zeroth order, the constraint equation (12a) reduces to the simple form
Substituting the ansatz (21) leads us to
The constraint (22) then implies that g <,>
h (k 0 , k) is non-vanishing only when k 0 = −h|k|, which corresponds to the singular zero-mass shell. In particular h = −sign(k 0 ), that is for leptons (k 0 > 0) the helicity h = −1 is negative, while for anti-leptons (k 0 < 0) the helicity h = 1 is positive, as expected. This relation is weakly broken for momenta |k| ∼ T when including thermal corrections, because hole modes exhibit an opposite connection between frequency and helicity. For momenta |k| ≪ T , the hole modes couple to the plasma at a similar strength as the particle modes. However, this region only corresponds to a small portion of the available phase space, such that we may neglect it here.
Substituting the parametrisations (14) , (21) and the constraint (22) into the kinetic equations (23b) and taking the trace leads us to
where the trace is taken only in Dirac space, and ς fl and all other objects are evaluated in the mass-diagonal basis. As explained above, the helicity is determined from the zeroth order constraint equation by the relation h = −sign(k 0 ). Eq. (26) is accurate up to first order in gradients, because ς fl itself is of first order. We note that the term iΣ /
in Eq. (23b) does not contribute to Eq. (26) at first order, since first, S H ℓ can be evaluated at zeroth order, where is it independent of the particle distribution functions and therefore proportional to the unit matrix in flavour space; and second, in Dirac space the commutator reads
Since we work in the flavour-diagonal basis, where ς fl is diagonal, the commutator involving ς fl in Eq. (26) can be explicitly evaluated, which yields
Hence, the thermal dispersion relations have the same impact on the equation of motion for the lepton density as explicit Dirac masses would [16] [17] [18] . An important feature of Eq. (26) is the sign change of the commutator term involving the thermal dispersion relation through ς fl when h → −h or, alternatively, k 0 → −k 0 . We now show that at the one-loop level, the elements of
We define charge and parity conjugation through
whereū ≡ (u 0 , −u) and where in the Weyl representation, the conjugation matrices are given by C = iγ 0 γ 2 and P = γ 0 . Thereby, we fix possible CP phases that can arise in the definition of these conjugations to zero. The charge and parity conjugate propagators are
The transposition acts here only on the Dirac indices, which in contrast to the flavour and CTP indices are not written explicitly. The CP conjugate of the Hermitian self energy is then given by (we suppress the average coordinate in the argument of ς andς)
On the other hand, we may calculate this self energy from the CP -conjugate Lagrangian, within which the coupling constants are complex conjugated, as
provided the initial conditions preserve CP symmetry (no primordial asymmetry). To the one-loop order, the coupling constants appear as the prefactors
(16). The effect of CP conjugation therefore amounts to the replacements [h
, and it follows that to one-loop order
Comparing this to the relation (32) and substituting Eq. (14), we find that
and accordingly forς bl and ς bl , which implies the result to be shown for the elements of ς fl . These symmetry properties with respect to k 0 are in accordance with the equilibrium results from Ref. [23] and Appendix B. The present argument shows moreover that they also hold under out-of-equilibrium conditions.
For calculating the momentum integrals in the collision terms, we use on-shell conditions that we obtain from the constraint equations. In order to achieve accuracy to first order in gradients, it again suffices to solve the constraint equations to zeroth order, since the collision term is suppressed by higher orders in the coupling constants. A similar approximation is applied in Ref. [18] , where in contrast to the present work, within the constraint equations, small tree-level mass differences rather than differences between one-loop dispersion relations and finite widths are neglected. A general solution to the zeroth-order constraint equation (24) is given by the Kadanoff-Baym ansatz
and f ± ℓab are the distribution function matrices of leptons and anti-leptons. Comparing Eqs. (36) to Eq. (21) we identify
which is consistent with h = −sign(k 0 ) and k 0 = ±|k|. While for the present work, these zeroth-order solutions to the constraint equations are sufficient, we show in Appendix A how to extend them to first order in consistency with the equations for the retarded and the advanced propagators (11a).
Note that if we identify f 
where we have used the ansatz (21) and have assumed spatial homogeneity, g gf h (k) = g gf h (k). Therefore, a sign flip in k yields the negative of the flavour-and CTP-transposed CP conjugate propagator. The use of S <,> ℓ (k, x) with k 0 < 0 rather than S CP,<,> ℓ (k, x) with k 0 > 0 to describe the anti-lepton densities has the advantage that the resulting kinetic equations are flavour covariant. This is because the former propagator has the same flavour transformation properties as S <,> ℓ (k, x) with k 0 > 0, while the latter transforms in the complex conjugate representation. This property has been described and used before in the context of electroweak baryogenesis [16, 17] .
Kinetic Equations for Lepton Number Densities
In this Section, we perform simplifications of the kinetic equations (28) , such that they attain a form which can be solved numerically. The key simplification arises from the separation of the time scales of kinetic equilibration and flavour-sensitive interactions.
Because the former is much faster, the distribution functions are driven to kinetic equilibrium, such that they can be approximated by the Bose-Einstein or Fermi-Dirac form, parametrised through a matrix of chemical potentials. An integration over the momentum then allows to express the kinetic equations in terms of charge densities. We shall often use spatial homogeneity to set f
Matrices for Lepton Number Densities
The lepton number density matrices are defined as
Due to the presence of the fast gauge interactions, we may assume kinetic equilibrium for the leptons, and denote δn
ℓab and δf
ℓab . Then, we can introduce a matrix of generalised chemical potentials µ ± ab for particles and antiparticles, and write
such that the number density matrices are, to first order in the chemical potentials,
This allows to relate the lepton number densities to the distribution functions:
We also introduce the deviation of the <, > propagators from equilibrium,
Besides, we use corresponding approximations and expressions for the right-handed leptons of the Standard Model by replacing ℓ → R. The ansatz (41) is valid provided the interactions that establish kinetic equilibrium, which are the pair creation and annihilation processes and scatterings with gauge bosons, are faster than processes that distinguish between the particle flavours, in particular flavour oscillations and flavour-sensitive damping rates. Provided these assumptions hold, which is verified in Section 3.3, the time scales for kinetic equilibration and for flavour effects separate. Since µ ± is Hermitian, it is always possible to bring Eq. (41) to diagonal form by a flavour rotation. Due to the separation of time scales, kinetic equilibrium in this diagonal basis is then attained at a rate that is faster than the flavour effects that may change the flavour orientation of µ ab .
Using the ansatz (36) and the spectral function (37) together with the decomposition (21) and the constraint (22) gives the relations
Performing a k 0 -integration of Eq. (28) and using Eqs. (40) then yields
Integrating over three momenta and applying the expansions explained above, we find
where we have used that the equilibrium distributions are diagonal in flavour, n ±eq ℓab = δ ab n ±eq ℓaa . We have defined here the thermally averaged frequencies of flavour oscillations and the compensation matrix as
and used that ς fl and Σ are symmetric in their first argument, cf. (35). The dominant contributions to the phase space integrals originate from regions where |k| ∼ T , where ς fl ab can be approximated by [23] 
While the form of
is more complicated in general, as we discuss in Appendix B, it is of the same order or smaller than h † h ς fl,h when flavour effects are important. We can therefore estimate
where h τ is the τ -lepton Yukawa coupling.
We decompose the collision term 2 as
The term C Y ℓ describes decays and inverse decays of N 1 and hence the washout and the CP -asymmetric source of the lepton densities. Flavour sensitive interactions mediated by the Standard Model Yukawa couplings are encompassed in C fl ℓ , while flavour-blind interactions mediated by gauge couplings are taken account of within C bl ℓ . In the following, we show that these particular contributions can be cast into the form
Source and Washout Term
The washout term for δn + ℓab is given by
evaluated to order Y 2 ia (certain higher order terms are accounted for by the source term). Close to equilibrium, we can write
and we note that
Substituting Eqs. (43) and (44), we can identify
2 The definition of the collision terms C in Ref. [9] differs from the present ones by an additional integration dk 0 /(2π).
The washout term for δn − ℓab follows correspondingly. In straightforward generalisation of the single flavour case, the CP -violating source term for δn
where [9] 
with g w = 2, and where the source for the anti-leptons δn − ℓab is −S ab . The deviation of the distribution function of the right-handed neutrinos from equilibrium is denoted by
This source term is understood to include both, wavefunction and vertex contributions in the hierarchical limit, M 1 ≪ M 2 . Note that there is an additional wave-function contribution that violates lepton flavour but conserves total lepton number [11, 14] . Within flavoured models of leptogenesis, this may contribute to the final lepton asymmetry. Compared to the total lepton-number violating contributions, it is however suppressed by a factor M 1 /M 2 since one picks up the k ∼ M 1 rather than the M 2 term from the numerator of the intermediate neutrino propagator in the wave-function diagram. Hence, we do not account for this term here.
Flavour Blind Interactions
The flavour-blind contribution to the lepton self-energy that is mediated by gauge interactions can be expressed as
where i∆ f g
Aµν is the gauge boson propagator on the CTP. The corresponding collision term is then
To check the consistency of the generalised chemical potential ansatz (41), we now verify that the collision term (60) Furthermore, when the gauge bosons are in equilibrium and the equilibrium deviation of the leptons is small and parametrised as in Eq. (43), we can approximate the collision term (60) as
For this expression, we note that the terms in square brackets are odd under a change of sign of the momenta, since to leading order in deviations from equilibrium, we may substitute the equilibrium distributions and make use of the fact that i∆ However, if we substituted tree-level propagators in Eq. (62), this collision term would vanish, since all the three particles involved are massless. It is therefore necessary to account for thermal masses and for finite width effects, that relax the zero-temperature on-shell conditions. When employing finite width propagators, analytical simplifications of the collision integral due to on-shell δ-functions no longer apply. In the present work, we therefore do not perform collision integrals that vanish for zero-temperature propagators explicitly. Rather, we discuss their general form and give estimates, while relegating more precise numerical evaluations to future studies.
Of particular interest within the collision term (62) are contributions for which sign(k ′′ 0 ) = −sign(k ′ 0 ) = sign(k 0 ). These are allowed when we account for the finite width in the spectral functions (for both, ℓ and the gauge fields A) and they correspond to lepton anti-lepton pair creation and annihilation processes. After performing the integrations and the Dirac trace, lepton-and antilepton contributions are identical. Therefore, we may parametrise the flavour blind contribution to the collision term in Eq. (47) by
which leads to the corresponding term in Eq. (52)
T , where g 2 is the SU(2) L gauge coupling and where the additional factor of g 2 2 compared to the tree-level matrix element arises from the finite-width effects [22] .
The fact that the flavour-blind collision terms for δn 
Flavour Sensitive Interactions
We now turn to the active lepton Yukawa couplings. These contribute to the self-energy of the left-handed leptons as
To linear order in deviations from equilibrium, the collision term is
Again, the leading thermal corrections to the propagators should be employed, since at tree-level, this integral is vanishing for kinematic reasons. We have to distinguish two relevant kinematic situations: First, when sign(k 0 ) = −sign(k ′ 0 ), the collision term corresponds to pair creation or annihilation of a left-and a right-handed Standard Model lepton. Second, when sign(k 0 ) = sign(k ′ 0 ) the left-and right-handed leptons scatter from a Higgs boson. Again, both configurations are only possible due to the finite width of the spectral functions of ℓ, R and φ. We summarise both contributions to Eq. (47) by writing
For later use we note that for the right handed leptons, we have the corresponding flavour sensitive scattering rate
We estimate the factors Γ an and Γ sc as ∼ g 
Suppression of Flavour Oscillations
The largest collision term within the kinetic equations (52) is Γ bl = O(g 
This is expected, since in the flavour-blind limit where h ab → 0, this condition is manifestly invariant with respect to flavour rotations and it reduces to the assumption that the lepton charge density of leptons is the same as the lepton charge density of antileptons. Therefore, this condition is implicitly employed in Ref. [9] as well as in many other kinetic-theory approaches to various problems. Now, due to the ± in the first term on the right hand side of the kinetic equations (52), a large Γ bl effectively inhibits flavour oscillations, which would be present in the absence of collisions. To see this in more detail, consider the toy system of differential equations
The relevant parameters for flavoured leptogenesis can be estimated as
where h τ denotes the τ -lepton Yukawa coupling. Since g 
with δg s,l = (δg s,l ) 0 e −t/τ s,l .
The short mode δg s ≈ δg + +δg − is thus damped to zero very rapidly by pair annihilations, implying an effective constraint
Note that the different sign of ∆ω terms in Eq. (69) is decisive, since it implies that the driving term for oscillations in
is damped away, while in the case of same sign δg + − δg − , could have freely oscillated. As explained in Section 2.3 the opposite sign of the ∆ω term in Eq. (52) is a consequence of CP invariance at leading order.
Within the gradient expansion, the first order correction to Eq. (68) therefore is of order ∆ω eff /Γ bl . Since the source terms for the off-diagonal correlations are already of first order in gradients, it is justified to use the zeroth order constraint Eq. (68) within our approximations. The long-lived mode describes the damping of flavour coherence in the lepton charge density matrix due to flavour-blind interactions. It is much slower compared to the damping rate due to flavour sensitive interactions, ∆ω
2 . Therefore, we may neglect the damping due to flavour-blind interactions, while we keep the direct damping due to flavour sensitive processes. While in the case of leptogenesis, we conclude that because of ∆ω ≪ Γ, flavour oscillations are overdamped and effectively frozen, we note that for ∆ω > Γ, there are damped flavour oscillations. It is interesting to note that even though we assume flavour blind interactions, the off-diagonal flavour coherence functions are decaying. Such a behaviour, in particular in the oscillatory regime, has been observed numerically in Ref. [18] .
We emphasise that the conclusion that the oscillations induced by ∆ω are overdamped for Γ ≫ ∆ω does not depend on the choice of the flavour basis. To see this, we extend g ± to a vector of functions and consider the system of matrix equations
Here, Γ is proportional to the unit matrix and ω = ω fl + ω bl , where ω bl is proportional to the unit matrix and ω fl ab ≪ Γ cc for all a, b, c. It then follows that [ω, δg
. By taking the sum of Eqs. (75), we again conclude that δg
. Consequently, the difference of Eqs. (75) yields
where the right hand side is estimated as the eigenvalues of a matrix with large diagonal and small off-diagonal elements. Alternatively, this can be seen by substituting in the right hand side of the difference of Eqs. (75) ω, δg
where an estimate according to Eq. (73) is made. This confirms the suppression of the effect of ς fl by Γ bl in a general flavour-basis. We can also generalise this discussion to the case of a time-dependent mass basis. In order to model this situation, consider the system
In the limit Γ ≫ ∆ω ab , we may find an approximate solution by imposing δg + = −δg − . This leads to
which is solved by the unitary evolution
where T implies the time-ordered exponential. Therefore, the freezing of flavour oscillations also persists when we account for the time dependence of the mass basis. From above equation, we recover Eq. (76) by undoing the flavour rotation, that is by left multiplication by U and right multiplication by U † .
Kinetic Equations for Left and Right Handed Number Densities
We now define the charge number density matrix as
Imposing that fast (compared to the interactions accounted for in W ab and S ab ) pair creating and annihilating interactions enforce the constraint
we can take the linear combinations from Eq. (52) that solve for the charge density matrix (81). For the flavour-sensitive interactions, define
Using this and the results of the previous sections, we obtain the kinetic equations (2) which we repeat here for completeness:
Note that similar to the toy system of equations the flavour-blind term drops out in the equation for q ℓab , while it is consistent to neglect the ∆ω eff ab term, which would multiply δn + ℓab +δn − ℓab in this equation, which is strongly damped. This holds in an arbitrary, timeindependent basis in flavour space, where the Ξ terms are absent. In a time-dependent basis such as the basis where ς ab is diagonal, the Ξ terms are introduced to account for the time-dependent basis rotation.
For the right-handed leptons, there is the analogous equation
with Similar results have been obtained earlier within an approach that makes use of the density matrix in an occupation number basis. In its details, the equation for the difference between lepton and anti-lepton densities in Ref. [13] exhibits however differences to our kinetic equation (84). It is not clear whether the lepton charge densities in Ref. [13] should correspond to our q ℓab (which is the difference of the lepton density and the transpose of the anti-lepton density) or to the difference of the lepton density and the anti-lepton density. In the former case, the flavour oscillations frequencies in Ref. [13] should have opposite signs for particle and transposed antiparticle modes, if they were to agree with our result obtained within the CTP formalism. This is apparently not the situation within the equation for the lepton charge density in Ref. [13] . In the latter case, as it follows from Eq. (39) and the discussion at the end of Section 2.3, within the CTP formalism the washout and source matrices for the lepton and anti-lepton densities are transposed (or complex conjugated, as these matrices are Hermitian) with respect to each other, which is apparently not the case in Ref. [13] . Furthermore, the same conclusions on damping of coherence would result from our equations if the charge density matrix were defined as δn + ℓab − δn − ℓba . Hence, with either interpretation, there is a difference between the occupation number formalism result that is derived in Ref. [13] and the kinetic equation (2) derived within the CTP formalism. The phenomenological consequence of this can be seen when comparing the present work with Ref. [15] , where the kinetic equations from Ref. [13] are solved numerically. While in the present work, we conclude that flavour oscillations effectively freeze out due to fast pair creation and annihilation processes, the results in Refs. [13, 15] imply that the flavour oscillations are important and in particular faster than the flavour-sensitive damping processes.
Solutions to the Flavoured Kinetic Equations
We are considering a scenario with two lepton flavours and assume that there is one dominant Standard Model Yukawa coupling h τ . In the basis where the lepton Yukawa coupling matrix is diagonal, the matrix h is therefore simply
Provided the µ and e Yukawa-couplings are negligible h 2 µ,e T /a(η) ≪ H, the realistic case with three lepton flavours can be reduced to the present case by separating out a linear combination of lepton flavours, for which no asymmetry is produced. This corresponds to an unflavoured approximation for the e and µ flavours, cf. the discussion of the unflavoured limit below. We note that Eq. (2) is manifestly invariant under flavour rotations induced by U, while Eqs. (46) and (47) are not, because the term that describes flavour oscillations is given in the diagonal basis. In our approximation, we can drop this term, because we have shown in Section 3 that due to the constraints from kinetic equilibrium, the time scale for flavour oscillations is suppressed when compared to the time scale of decoherence from flavour-sensitive scatterings. We use this freedom of choice of a lepton flavour basis and perform the discussion in this section within the timeindependent basis of charged lepton flavours, which is more transparent than the timedependent basis of the leptonic quasi-particles, that is determined by the diagonalisation of ς fl . Likewise, we present all numerical results in the basis of charged lepton flavours.
3
In the charged lepton basis, the flavour-sensitive collision terms read
In the fully flavoured limit, which we define by the requirement (Γ an + Γ fl )h 2 τ ≫ H (note that for the present purposes, "fully flavoured" refers to the situation where h µ and h e are still assumed to be out-of-equilibrium), we see that within this setup, the flavour sensitive collision terms enforce
This agrees with the expectation that when Standard Model Yukawa couplings are in equilibrium, the lepton asymmetries are projected onto the charged lepton basis. The processes ℓ +R ↔ φ * (annihilation) and ℓ + φ ↔ R (scattering) are kinematically forbidden when all the three particles involved are massless. At finite temperature, this holds no longer true due to effects that at leading order can be either thought of as thermal masses and finite widths or as radiation of gauge bosons. The latter point of view is taken in Ref. [25] to calculate Γ sc . However, important t-channel diagrams are not included there and a calculation of Γ an is not provided. A systematic calculation of these rates may be performed along the lines of Ref. [24] , which is however beyond the scope of the current work. Motivated by the partial result of Ref. [25] , we take here for numerical definiteness the estimate
which should be accurate up to a factor of order unity. Besides, we take here α W = 1/40 as the weak coupling constant at the scale of about 10 12 GeV. The precise value depends on the particular extension of the Standard Model. To obtain numerical solutions, we first solve the kinetic equations for the distribution of the right-handed neutrinos N 1 . They are given in Ref. [9] , and the generalisation from the single flavour to the two-flavour case follows by the straightforward replacement
We employ this distribution to calculate the washout and the source terms within Eq. (2). To be specific, we choose thermal initial conditions for N 1 . For the singlet neutrino masses, we choose M 1 = 10 12 GeV and M 2 = 10 14 GeV. For the Yukawa couplings of the right handed neutrinos, we consider two scenarios
Scenario (B) .
We vary the Yukawa coupling h τ , since this will directly exhibit the dependence of the results on the flavour effects, while of course, for a phenomenological study, it would be more pertinent to vary the unknown parameters Y and M 1,2 .
In Figure 1 we show the interaction rates
for different values of h τ and compare them to the expansion rate of the universe H and to the inverse decay rate for the individual flavours a, Γ a ID = 2W aa as a function of the ratio of M 1 to the physical temperature, z = a(η)M 1 /T . Scenario (A) exhibits moderate to strong washout in both flavours, where the dominant contributions to the lepton asymmetry are generated between z ≈ 3 and the point when the lepton asymmetry freezes out, Γ ID ≈ H. We expect flavour effects to be negligible when Γ 
where we use g ⋆ = 106.75. Since Y ℓ is Hermitian, we plot the real and imaginary parts of Y ℓ12 . The results confirm our expectations about the validity of the fully flavoured and the unflavoured descriptions of leptogenesis. For h τ < ∼ 2×10 −3 the total lepton asymmetry tr[Y ℓ ] = Y ℓ11 + Y ℓ22 is almost independent of h τ , and the off diagonal densities decay away after freeze out (z ≈ 10) only. (Only the initial stages of this decay are visible in the plots for h τ = 2 × 10 −3 , 10 −2 in Figure 2 due to the cut off at z = 20. For h τ = 0, the off-diagonal densities do not decay.) On the other hand in the fully flavoured regime, for h τ > ∼ 3 × 10 −2 , the off diagonal densities are strongly suppressed before freeze-out. This confirms that neglecting the off-diagonal densities, an approximation that is commonly used in the fully flavoured regime, is indeed justified in this regime. In the intermediate regime, where neither of these approximations is valid, the correct lepton asymmetry is obtained by solving the full kinetic equation (2) .
Scenario (B) is a situation with strong washout due to Y 11 and weak washout for Y 12 . The numerical solutions are displayed in Figure 3 . Since Γ 2 ID is now significantly smaller, it takes also smaller values of h τ before the unflavoured description may be expected to be valid, cf. Figure 1 . In the fully flavoured regime, we observe that one of the lepton flavours suffers from strong washout while the other one is only weakly washed out. On the other hand, in the basis where the source term is diagonal, the flavours apparently mix in such a way that both lepton flavours are strongly washed out when flavour effects are turned off. This importance of flavour effects for washout is well known [12] [13] [14] , and it can be easily understood when we recall how the fully flavoured and the unflavoured regimes are described.
First, in the fully flavoured case, densities that are off-diagonal in the flavour basis undergo fast damping through flavour-sensitive interactions. As a result, there are two washout rates that are proportional to |Y 
In the triangular basis, a lepton asymmetry is only produced for the linear combination
The washout rate for this linear combination is proportional to
The change of the effective flavour basis in the transition from the unflavoured to the flavoured regime therefore explains the apparent change in the washout rates for the individual flavours for Scenario (B), that are visible in Figure 3 .
To obtain an estimate of the extent of the intermediate regime in terms of the parameter M 1 , we now fix the τ -Yukawa coupling to h τ = 0.007, close to its physical value, and vary M 1 → αM 1 instead. To keep the effect of the washout term and the source term constant, we also scale
This scaling behaviour can be seen when recasting Eq. (2) into the form
The terms on the right hand side now correspond to the physical instead of conformal interaction rates per unit volume. Since at fixed z, T /a(η) → αT /a(η), H → α 2 H and q ℓ → α 3 q ℓ , both sides scale as α 5 , except for the term 1/a × Γ fl ℓ , which scales as α 4 . Therefore, all the scale-dependence is isolated within the flavour-dependent damping rate.
We solve the kinetic equations for 10 10 GeV < M 1 < 2×10 14 GeV. Parametrically this brings us from a regime where flavour effects are maximal to the unflavoured regime [26] . For comparison we also calculate the lepton asymmetry over this parameter range using first the unflavoured approximation (h τ = 0) and then using the fully flavoured approximation, where the off-diagonal number densities are set to zero throughout the calculation.
The results are shown in Figure 4 . We find that both the fully flavoured approximation and the unflavoured approach lead to accurate predictions of the total lepton asymmetry within their expected ranges of validity. The intermediate regime where the full kinetic equation needs to be solved ranges from around 5 × 10 11 GeV − 10 13 GeV for Scenario (A) and even further for Scenario (B) where the unflavoured behaviour is only recovered for M 1
14 GeV. This is because the condition for the unflavoured description to be valid, Γ ] is enhanced compared to this ratio close to freeze-out. As a consequence, the fully flavoured description of Scenario (B) requires smaller values for M 1 when compared to Scenario (A). Note that the absolute limits for the validity of the unflavoured or fully flavoured description may vary by up to order one factors due to the uncertainty in the overall prefactor of Γ fl . We identify this also as a probable source of the numerical difference between the present work and Ref. [26] , where it was found using Γ an + Γ sc ≈ 5 × 10 −3 T /a(η) that the unflavoured description is valid already for M 1 ≥ 5 × 10 11 GeV. 
Conclusions
Using the CTP formalism, we have derived and solved kinetic equations that describe flavoured leptogenesis. Our results allow for systematic calculations of the lepton asymmetry within the intermediate regime, that is neither fully flavoured nor unflavoured, and where off-diagonal correlations between the lepton densities are of importance. The CTP framework proves particularly suitable for this problem, since off-diagonal densities are straightforwardly implemented within the two-point Green functions. So far, kinetic equations that describe flavoured leptogenesis within the intermediate regime have only been available as extrapolations from a toy model description of number density matrices in the occupation number formalism [13] . The importance of a more systematic derivation of these equations has been emphasised for example in Ref. [26] . Our main result, Eq. (2), that is derived within the CTP framework with the Lagrangian (1) as the starting point, turns out to resemble the corresponding equation of Ref. [13] in many details of its flavour structure, but it also exhibits qualitative differences. The main improvements provided with the present work may be summarised as follows:
• We derive the impact of the thermal dispersion relations on the kinetic equations for the left-handed leptons. This confirms the expectation that the effects of these dispersion relations share some qualitative features with flavour oscillations induced by tree-level mass terms and allows for quantitative predictions. Our results might also be useful for describing the dynamics of neutrino flavours in interacting backgrounds.
• We find that fast pair creation and annihilation processes through gauge interactions effectively overdamp flavour oscillations. This is a qualitatively distinct feature from the results of Refs. [13, 15] .
• The washout, source and damping terms in the kinetic equations are derived from first principles. They correspond to collision terms which we explicitly present in the form of integrals. Some of these integrals crucially depend on finite width effects, which make their evaluation difficult. For the purpose of our numerical examples, we make only estimates for those collision terms that strongly depend on finite-width effects. Yet, these collision terms are well-defined, and their quantitatively accurate evaluation may be the subject of future work, possibly using the methods of Ref. [24] .
For a more accurate prediction of the lepton asymmetry, the present analysis has to be supplemented by a number of improvements, which vary in how detailed they have been discussed in the literature yet and in how straightforwardly the present work can be generalised to include them. First, there are the so-called spectator processes [27, 28] , which are transitions induced by Yukawa couplings and by strong and weak sphalerons and which transfer charges between the ℓ a and φ to other particles of the Standard Model. Note that also the scatterings induced by h, that transfer charges to the charged right-handed leptons belong to this category. Depending on whether the additional interactions are fully equilibrated, out-of equilibrium or in an intermediate regime, the kinetic equations have either to be supplemented by algebraic constraints for the various charges, or the network of equations has to be extended in a way that is similar to how we account for the charged right-handed leptons. Conceptually more interesting and challenging is the systematic inclusion of thermal effects. In the present work, we have noted that the finite width and thermal mass effects allow for certain three-body processes that are kinematically forbidden in the vacuum. Again, the CTP formalism bears the potential to account for thermal effects more systematically and may hence serve to confirm or to extend earlier results on these effects [29] . Therefore, important improvements remain to be incorporated in order to calculate the lepton asymmetry of the Universe to a good accuracy and with a quantifyable account of the theoretical uncertainty. In order to achieve this goal, the systematic computation of the flavour effects from first principles as presented in this work may serve as a building block.
This facilitates the inversion of propagators within the four component formalism in analogy with the doubling of degrees of freedom within the Weylfermion propagators that is familiar from the in-out framework [30] . We obtain (cf. [22] )
Note again that we have used simplifications due to the flavour-diagonal structure in equilibrium. Similarly, we find the Hermitian propagator
Now, if we use that in equilibrium
and the KMS relation to substitutẽ
we find that Eq. (36a) with S A ℓ given by Eq. (A.3) indeed solves the constraint equation (A.1) in equilibrium. In a similar way, the same observation holds for Eq. (36b). A related discussion can be found in Ref. [19] . Note that relation (A.6) establishes the connection between the finite width and the collision term (13) , that controls how fast a small perturbation in the lepton density relaxes to its equilibrium value. The zero-width approximation (37) follows from the result (A.3) in the limit Σ 
When neglecting the hole modes, for leptons (k 0 > 0) the helicity h = −1 is negative, while for anti-leptons (k 0 < 0) the helicity h = 1 is positive. In conjunction with the constraint (22) , this implies within the flavour-diagonal basis the dispersion relations 
B Thermal Lepton Dispersion Relation Induced by the Right Handed Neutrino
In this Appendix, we calculate the thermal correction to the dispersion relation of the left handed lepton ℓ induced by its Yukawa coupling Y to the heavy right handed neutrino N 1 and the Higgs boson φ. The leading order contribution comes from the one-loop wave-function correction where N 1 and φ are running in the loop. A similar calculation has been performed in Ref. [23] for a massless fermion in the loop and in Ref. [31] for the light massive case. In the latter calculation, instead of the Higgs field, there is a massless gauge boson in the loop, but the intermediate results before taking the limit of small fermion mass can be straightforwardly applied to the present situation.
B.1 Decomposition of the Self Energy
The structure of the self energy and the dressed propagator is restricted by Lorentz invariance, which allows us to parametrise both by two invariant functions a and b. These can be determined by an explicit calculation of the self energy as performed in detail in Ref. [31] , and they can be used to find the poles of the propagator and thereby the dispersion relation. We define a and b by:
Using Eqs. (14, 15, 16) and (B.1) in the rest frame of the thermal bath with u = (1, 0, 0, 0), we can identify:ς
The poles of the propagators (A.3) and (A.4) are given by the equation
which determines the flavoured dispersion relation of the lepton ℓ. Alternatively, theIn Ref. [31] , only the light massive case is discussed where T ≫ M 1 . For leptogenesis however, we also need a calculation that is valid at late times, when T ≪ M 1 as well as in the intermediate regime which can be treated only numerically. Since our calculation is very close to the one in Ref. [31] we do not repeat the first steps, 6 and continue evaluating the integrals given in Ref. [31] for the case of a heavy massive fermion in the loop.
B.2 Heavy Massive Case
In the heavy massive case T ≪ M 1 , we perform an expansion of the logarithmic functions L B,F ± (|p|) defined in Ref. [31] and of the neutrino number density n F (E) = 1/(e E/T +1) in powers of T /M 1 . The energy of the heavy neutrino, E(p) = p 2 + M 
Inserting Eqs. (B.7) into the expressions for the self-energy (in accordance with Ref. [31] ), the remaining integrations reduce to basic integrals and we obtain:
It is easy to relate these expressions to the Y -induced contributions to the Lorentz invariant functions a and b decomposed as Eq. (B.5) to get
Up to order (T /M 1 ) 2 the dispersion relation (B.4) then simplifies to the massless dispersion, k 0 = |k|. The calculation up to order (T /M 1 ) 4 requires a more tedious expansion. 6 The difference in the calculations affects only the prefactors but not the structure of the integrations. For the functions a and b we find
At this order, the non-zero b implies the following dispersion relation for g hab in the flavour-diagonal basis: 
B.3 Light Massive Case
We consider next the light massive case M 1 ≪ T . Assuming |k| T and further that the thermal corrections to the dispersion relation are small, ||k 0 | − |k|| ≪ T , we find that to the leading order, b is given by For leptogenesis, where most of the leptons are within the momentum region |k| ∼ T , the results (B.11) and (B.17) imply that the matrix U which diagonalises the lepton mass will be approximately constant for T ≫ M 1 as all contributions to the dispersion relations of ℓ are proportional to T 2 . Then it is time dependent around T ≈ M 1 and again approximately time independent when T ≪ M 1 , when the contributions induced by the couplings Y are suppressed by (T /M 1 ) 4 .
B.4 Numerical solutions
In this Section we solve the Y -induced dispersion relation numerically and compare it to the analytical approximations (B.11), (B.14) and (B.17). For comparison, we also derive the dispersion relation and the thermal mass for the light massive case using hard thermal loop (HTL) approximation when k 0 , |k| ≪ T . In this Section we consider only the single flavour case and setỸ 2 ab ≡ |Y 1 | 2 = 1 in all plots. Note also that we do not take account of relevant contributions from gauge couplings, such that the numerical results presented in this Section should be considered as checks of the analytic limits and as a study of a toy system in the absence of gauge interactions.
For the purpose of comparison to the numerical result, we give the analytical expression for the dispersion relation for the light massive case M 1 ≪ T within the HTL approximation k 0 , |k| ≪ T . Following Ref. From this expansion, we see that the suppression of a due to small coupling constants and loop suppression factors breaks down in the limit |k| → 0. We notice that b is given by the same expression (B.16) as in the light massive case for |k| T . This is not the case for a, however. To extract the thermal mass we expand a and b to the lowest order in |k|/|k 0 | to get a 1 = − This is a well-known result within the HTL approximation, see Ref. [23] .
In Figure 5 , we compare the approximate dispersion relations (B.17) and (B.21) for the light massive case M 1 ≪ T to the exact numerical solution. We confirm that the HTL approximation agrees with the exact numerical solution only for small |k|, while 4.
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8. 10. 12. 14. approximating the dispersion by the thermal mass (B.18) is reasonably accurate in the region |k| T .
We next turn to heavy massive case M 1 ≫ T . In Figure 6 we compare the large M 1 /T limit of the approximate analytical dispersion relation (B.11) to the numerical solutions to find a reasonably good agreement for M 1 /T 10. In addition, these plots clearly confirm the asymptotic (M 1 /T ) 4 behaviour. Moreover, we notice that the approximate dispersion relations (B.11) and (B.14) give |k 0 | < |k| for small |k| and |k 0 | > |k| for large |k|, so we conclude that in between their regions of validity the dispersion curve must cross the light cone k 0 = |k|, implying an intermediate region of superluminal group velocity v g = d|k 0 | d|k| > 1, which might indicate dissipative effects in this momentum region. This interpolation is indeed confirmed by the exact numerical solution of the dispersion relation. In Figure 7 we show the approximate dispersion relations together with exact numerical solution for M 1 /T = 8. We see that the analytic approximations are fairly accurate in the regions |k| T and |k| ≫ T and the crossing of the light cone takes place at the momentum |k| ∼ 10T .
The region in between large and small M 1 /T can be treated only numerically. In Figure 8 we show the numerical solution for the dispersion relation for several values of M 1 /T . We observe that for M 1 /T ≥ 0.9 the dispersion curves cross the light cone at larger |k| for larger M 1 . It would be of interest to investigate how finite-width effects and thermal masses for the neutrino and the Higgs fields affect the present analysis.
